where the primes indicate differentiation with respect to s. The ray-point 3 R of the curve C corresponding to the point P is the point of intersection of the three planes (1). 
dW* \du a du^ du a / The tangents to the parametric curves at P, and the normal to the surface at P constitute a local system of reference. In order to deduce the local coordinates of the point R from equations (2), we employ the formulas from Eisenhart, 4 (4) (5) (6) and (7) we use
to obtain for the first part of the expression for S
On summing out r and e, and on writing | g a/3 | = g~\ the right member of (8) reduces to
In consequence of (4), we have for the second part of the expression for 5
On summing a and r, and on making use of (7), the right member of (10) takes the form
which, in turn, reduces to (12; g ondaadprU u .
Because of (9) and (12), equation (3) takes the form (13) ô s g ôi 2 (a 7<r a MT l a^w w w + d a< ,dp T u u ).
In order to express the right member of (2) where i,j, k take the values 1, 2, 3 cyclically, and where e is +1 or -1 according as the Gaussian curvature is positive or negative. In consequence of (14), (15), and (4), the right member of (2) A geodesic curve on the surface has the property that its osculating plane at every point P contains the normal line h to the surface at P. We may define a dual geodesic to be a curve on the surface which enjoys the property that its ray-point R corresponding to every point P lies on the line l 2 given by (22). If we require that the coordinates (21) satisfy the equation (22), we find, after some reduction, that the curve C is a solution of the differential equation
where F^ is given by (6).
If we write
, and make use of (6), equation (23) takes the form
7 Lane, loc. cit., p. 81.
If the asymptotic lines are taken as parametric, we have D-D" = 0, and equation (24) takes the form (26) v" = rîx + (Tn -2I\V + (2rî 2 -r a V* -ii/.
The geodesies on a surface satisfy the differential equation
From (26) it is seen that if the asymptotic curve given by v = const, is a dual geodesic, then rn = 0, which, by (27), is the condition that the curve be a geodesic. But if a curve is both an asymptotic and a geodesic it is a straight line. Hence, if an asymptotic line is a dual geodesic it is a straight line. Equation (26) is independent of D'. Hence, we conclude that isometric surfaces have the same equations of dual geodesies.
It can be shown that when the asymptotics are parametric the directions of Segrè 9 at the point P on the surface are given by
Comparison of equations (26) and (27) shows that the directions of Segrè may be characterized as the directions in which the geodesies and dual geodesies coincide.
3. Ray-points of geodesies. Each curve through the point P on the surface has a ray-point R. We shall now find the locus of the raypoints for all geodesies through P. Along a geodesic curve we have
In consequence of (29) From the form of equation (32) it can be seen that the locus has a double point at P, with the asymptotics at P as double point tangents. Furthermore, the curve has three points of inflection which lie on the line represented by equation (22), some one of the inflections lying on each of the lines through P given by the equation (33) Tn(-^ + rî 2 (-^ = 0.
On comparing equations (28) and (33), we recognize that the latter gives the directions of Darboux 10 at P. Hence, we have the following theorem. The locus of the ray-points of the geodesies through a point P on a surface is a cubic curve lying in the tangent plane to the surface at P. The asymptotics are the double point tangents to the curve at P, and the three points of inflection of the curve are given by the intersections of the tangents of Darboux at P with the line which is in Green's Relation R with the normal to the surface at the point P. Lane 11 gives a similar theorem for projective space.
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